iii IS-1128 There are many problems where a solution may be found by using Monte Carlo techniques. Some typical problems are those involving permutations and combinations of variables, evaluation of definite integrals, the solution of ordinary and partial differential equations, solution of integral equations, solution of linear algebraic equations, and simulation studies in nuclear physics.
STATEMENT OF THE PROBLEM
The problem was to provide in subroutine form a program for the IBM 7074 computer, which would generate long sequences of numbers uniformly and normally distributed in a random or nearly as random 2 sequence as possible. The routine should be fast and the numbers generated should have a long period before the sequence repeats. In addition, statistical tests should be performed to insure that the generated sequences of uniformly distributed numbers meet various criteria for randomness.
SOL UTI ON OF THE PROBLEM
Several methods of generating random numbers by computers are generally believed to be acceptable. Two such methods are the multiplicative congruential and the mixed congruential methods. In this paper no proofs will be given as to the choice of parameters, proofs are given by the references. A table of 9000 three-digit numbers uniformly distributed on the unit interval is included as an Appendix to the paper.
Method 1:
where A is a fixed odd integer called the multiplier. To start the process we follow the suggestion of [5] and choose x as any integer not divisable 0 by 2 or 5. A is chosen as the form A = 200 t :±. r ( 2) where tis any integer and r is any of the values 3, 11, 13, 19, 21, etc. A value of A close to lOd/ 2 is desirable. Since d = 10 for the IBM 7074
computer, a t of 50 and an r of ll were chosen giving a A of 10011, hence = 10011 x.
(3)
It can be proven that this procedure will yield 500, 000, 000 numbers before repeating.
Ax forms a product 2d-digits long, the high order d-digits are disa carded and the d low-order digits are the value x 1 when properly edited to floating point arithmetic format. The low-order digits are used to produce xi+ 1 using Eq. (1).
Method 2:
The mixed congruential method takes the form (4) where A according to [ l ] , 1s of the form
Reference [ l] further states that c should be odd and a > 2. Hence for this method A was chosen as 10 l and c as l yielding xi+l = lOlxi + l
The above method should yield 10 10 numbers before repeating. In a decimal machine,such as the IBM 7074 where multiply time is dependent upon the size of the multiplier, Method 2 should be slightly faster, as well as having a somewhat longer period.
Testing Considerations:
The values of x should be uniformly distributed over the unit interval regardless of the number of values computed. Successive values of x should also be independent.
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Many different tests have been used to determine the statistical behavior of the sequences. The testing as reported by references [1] , [ 2] , [3] , [4] , CsJ, Cs], and [9] indicates that the behavior of both methods is acceptable.
It was decided to use the following statistical tests; frequency test, serial correlation test, runs up and down, runs above and below the mean, auto-correlation, digit frequency test, and the mean square difference test. These tests were all performed using various lags. Lag 1 is defined as picking every consecutive generated number as the random quantity, lag 2 as picking every other generated number and so on.
Each of the above tests was applied to 100 blocks of 1000 numbers each, for lags 1 to 10 for each method. It has been shown by [ 4 ] that the choice of x for Method 2 makes little or no difference, so most of 0 the testing was done with x = 7 which also meets the criteria that x 0 0 should not be di vi sable by 2 or 5 for Method 1 as suggested by [ 5 ] .
Frequency Test:
For the frequency test the 1000 numbers were "binned" into 10 equal subintervals with the expectation that 100 numbers should fall into each bin.
The following Chi-squared test was then applied to determine the reasonableness of the results. xi = rio r; (f. -1oo) 2
Reference [ 6] states 2 that X 1 is distributed asymtotically as x 2 with 9 degrees -of-freedom. 2 x1 was computed for the 100 blocks . Then let F. 1 2 be the number of the resulting 100 values of xl which were between the (i-1) th and the ith deciles for the x 2 -distribution with 9 degrees-of-freedom. The following quantity was then computed.
(8)
Serial Test:
For the serial test the interval [0, 1] was divided into 10 parts, then the numbers were "binned'' into a 10 x 10 matrix. A 1 was added in row i column j, when xn was in the ith subinterval and followed by xn+ 1 in the jth subinterval. The expected result would be 10 counts in each position of the matrix. The following x 2 test was then applied (9) It has been shown by [ 8] and [ 9] that X~ -x; should be distributed asymptotically as x 2 with 90 degrees -of-freedom. 2 2 X 1 -X 1 was computed for each of the 100 blocks. Then let s. be the number of the resulting 100 1 2 2 values of x 2 -X 1 which were between the (i-1) th and the ith deciles for x 2 with 90 degrees-of-freedom. The following was then computed: 10
Several other interesting statistics were also computed using the 10 x 10 matrix data. Given the row sums it is equally likely that 1/10 of the row 6 sum count would occur in each element of the row. Similar results would be expected for the column sums and the column elements. To test these assumptions a x 2 test Was performed on the COmposite 10 X 10 matrix obtained by summing the matrix over all 100 blocks.
Auto-Correlation Test:
For the auto-correlation test the auto-correlation coefficient Ch was computed for h = 0, 1, 2, 3, ... , 10 for each of the 100 blocks Although the purpose of the computer program under development was to produc e random numbers, some information about the distribution of the individual digits making up the numbers is also desirable. For the digit frequency test a count is kept of the occurrance of each digit (0, 1, 2, ... , 9) for the 1000 words. Since each random number in its floating point repre- In addition to the above tests the mean and variance of all numbers comprising a block were computed using:
2 )
xi -
The expected values of these quantities are 0. 50000 and 0. 08333 respectively. The following was then computed using the entire 100 blocks 100 1
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In the tables that follow these definitions apply. Let k be the number of times xi for the frequency test exceeds 21. 666, the 99% level for X 2 with 9 degrees-of-freedom. In a similar manner let 1 and m be the number of times X 2 for runs up and down and runs above and below the mean exceed 21. 666 . n is the number of times X 2 for the digit frequency tests exceeded the value for the 99% level. 24853 .24843 .24847 .24860 .24846 .24823 .33268 .24901 • 24871 .24896 .24929 .24860 .24910 .33266 .24864 .24882 .24918 .24878 .24946 .24865 .33260 .24906 .24904 • 2485 7 .24912 .24885 .24893 .33268 .24891 .24969 .24994 .24946 .24933 .24933 .33159 .24746 .24741 .24805 .24793 .24791 • 24 771 .33269 • 24911 .24923 .24898 • 24913 .24917 .24892 .33248 • 24877 .24893 .24892 .24900 .24879 .24829 .33214 .24914 .24842 .24827 .24803 .24881 .24840 .33189 .24914 .24867 .24929 .24906 .24908 .24884 .33333 • 25000 24860 .24880 .24855 .24865 1 .24891 .24904 • 24859 .24895 2 .24887 .24913 .24891 .24887 3 .24900 .24923 .24885 .24860 4 .24895 .24924 • 24956 .24970 5 .24813 .24805 .24761 • 24 755 6 .24905 .24917 .24914 .24937 7 .24849 .24854 .24869 .24890 8 .24824 .24833 .24802 .24830 9 .24882 .24864 .24918 .24923 10 All x2 15.769 11.358 5.299 5,132 10,344 10.344 6,861 6,796 14,618 4.128 col.
For the remaining lags only the row and column x 2 will be presented for the composite matrix. 33035 .24655 .24568 .24585 .24585 .24565 .24597 .24556 .24552 .24550 .245 79 1 .33101 .24587 .245 77 .24641 .24600 .24648 .24569 .24626 .24608 • 245 72 .24633 2 .32820 .24342 .24344 .24298 .24293 .24326 .24328 .24374 .24354 .24339 .24282 3 .33135 .24618 .24598 .24642 .24659 .24709 .24646 .24638 .24672 .24662 • 24 720 4 .33090 .24626 .24667 .24600 .24594 .24606 .24546 .24660 .24801 .24665 • 245 75 5 .33022 .24540 .24484 .24504 .24560 .24510 • 24532 • 24561 .24492 • 24573 .24485 6 .33034 • 24559 .24567 .24493 .24539 .24546 .24505 .24508 .24540 .24558 .24510 7 .33110 .24611 .24658 .24608 .24630 .24663 .24586 .24612 .24697 .24595 .24569 8 .33022 .24517 .24535 .24533 .24542 .24562 .24513 .24541 .24538 • 24503 .24533 9 .33303 .24825 .24643 • 24813 .25059 .24813 .24745 .24789 .24810 .24844 .24792 10 Expected .33333 • 25000 ALL . 16933 .17082 .16991 ,16975 .17047 .17024 .17033 7 .16997 . 16904 . 17005 . 16960 . 16894 . 17079 .17053 .17036 8 .17009 . 16975 . 16979 . 16961 . 16920 . 16981 .17024 .17088 9 .16956 . 17321 . 16980 . 16488 . 16981 . 17023 . 17018 .16956 10
Expected
.16667 ALL 
Eqns. (3) and (20) 
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